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Abstract. An alternative but simple approach is employed to reinvestigate the two-dimensional 
problem of incoming surface water waves against a rigid vertical cliff. 
1. INTRODUCTION 
The twodimensional problem of surface water waves progressing towards a vertical cliff in 
deep water was first considered by Stoker [3,4] by a technique based on the theory of complex 
variable. Packham [l] extended this problem to include the surface tension effect at the free 
surface and solved it by a technique based on the Fourier sine transform. In both the cases 
no reflection of waves by the cliff is assumed. In the absence of surface tension a source/sink 
type behaviour of the potential function at the shore-line is necessary to account for this 
so that the wave amplitude becomes infinite at the origin. However, if the effect of surface 
tension at the free surface is included, this is not necessary so that the wave amplitude 
remains finite at the shore-line (cf. Packham [l]). 
In the present note we have reinvestigated this problem of incoming water waves against 
a vertical cliff by a suitable superposition of the basic solutions for the water wave potential 
in the appropriate cases and invoking the inverse Fourier sine transform. 
2. THE PROBLEM AND ITS SOLUTION 
We consider the two-dimensional irrotational motion of an inviscid, incompressible deep 
fluid of density p, under the action of gravity only. The fluid is assumed to be of infinite 
horizontal extent to the right and bounded by the rigid vertical cliff on the left. We choose 
a rectangular Cartesian coordinate system in which the y-axis is taken vertically downwards 
into the fluid, the position of t,he cliff is given by z = 0, y > 0 and the equilibrium position 
of the free surface is y = 0,~ > 0. Assuming the motion to be of simple harmonic in time 
with circular frequency cr and of small amplitude, the velocity potential of the fluid can be 
described by @(I, y, t) = Re{r$(t, y)e-(““I}. W e seek a solution for Q(z, y, t) which behaves 
as I -+ co like progressive waves moving towards the cliff. 
Using the linearised theory of water waves, the mathematical problem of our interest here 
is given below: 
To solve the twodimensional Laplace’s equation 
v2r$ = in the region x > 0, y > 0, (2.1) 
under the boundary conditions 
rc’d -I- &I = 0 on y = 0, x > 0, (2.2) 
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(where li = $,g being the gravity).” 
+I =Oonx=O, y>O, (2.3) 
V~-+Oasy+co, (2.4) 
4 + In P as r = (x2 + y*)+ -+ 0, (2.5) 
and 4 ‘ y  J-=-KY) Fl.SX--*CW. P-6) 
Noting (2.6) we find that 4(x, y) can be represented by a superposition of the basic solutions 
e(-iKt-KY) and (/r cos(ky) - Ksin(/zy)) . e(-L”) so that 
J 
00 
$tx, y) = J-=-KY) + A(k)(k cos(by) - 1-C sin(ky))e(-k”)dt, x > 0 (2.7) 
0 
where A(k) is to be determined. Utilizing (2.3) we find that 
J 
00 
kA(k)(k cos(ky) - Ksin(hy))dk = -il\e(-KY), y > 0 
0 
which is equivalent to the ordinary differential equation 
dB(y) - - KB(y) = -xe(-KY), 
dy 
y > 0 
J 
co 
where B(y) = LA(k) sin(ty)dk, y > 0. 
0 
Now (2.8) has the bounded solution 
B(y) = ;e(-KY)s (2.10) 
Invoking the Fourier inversion of (2.9) we obtain 
(2.8) 
(2.9) 
I 
so that 
A(k) = ’ 
x(k2 ; I-P) 
c+(x,y) = e(-iK=-Ky) + i o J cQ ckcos(ty) - Ii Sin(ky))e(_kz)dk (k* + K*) (2.11) 
We note here that the integral in (2.11) has a logarithmic singularity at the origin (cf. YU 
and Ursell [5]) and this C$ satisfies all the conditions (2.2) to (2.6). Thus the required velocity 
potential is given by 
qx, y, t) = e(-K~) cos(~(x + at) + ?+ii lrn (’ cos(kY)(~2~~~~~~Y))C(-*i)di; (2.12) 
which was obtained by Stoker [3,4] using a different approach. 
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3. EFFECT OF SURFACE TENSION 
In this case we seek a solution to (2.1) satisfying (2.3), (2.4) together with the linearised 
free surface condition in the presence of surface tension given by 
Krb + by + MqSyyy = 0 on y = 0, f > 0 (3.1) 
where M = &J,T being the surface tension, 
Q remains finite as P -+ 0, 
d(c, Y) - e (-iLo~-koy) 
as t _ o. 
t 
where &c is the unique real positive root of the cubic equation 
(3.2) 
(3.3) 
6(1 + MP) = K (3.4) 
The cubic equation (3.4) has also a pair of complex conjugate roots, say ~1, ws, whose real 
part is negative (cf. Rhodes-Robinson [2]). Because of (3.3), for I > 0 4(z,y) can be 
expressed as a superposition of the basic solutions e(-ik’Jz-toy) and {E(l - Mk.*) cos(ky) - 
K sin(ly)}e(-kr) so that 
I 
Q) 
d(Z,Y) = e (-i&or-key) + A(k){L(l - M/c*) cos(by) - Ksin(ky)}e(-“E)d~, z > 0 (3.5) 
0 
where A(k) is to be found. Using the cliff condition (2.3) we find that 
J 
00 
EA(L){/c(l - Mk*)cos(Ey) - Ksin(ky))& = -iJ~ce(-~Oy), y > 0 
0 
and this is equivalent to the ordinary differential equation 
(M-$- + -$ - K)B(y) = -ilce(-koY), Y>O, (3.6) 
where B(y) is the Fourier sine transform of kA(k). Bounded solution of (3.6) is 
B(y) = g { e(-koY) + f&J”‘Y) + C2ehY)} 
where Ci, CZ are arbitrary constants. Thus by inverse Fourier sine transform we find 
A(k) = 
ikoM2(Elk4 + E2k2 + E3) 
AK{ k*( 1 - Mk*)* + I--*} 
where 
El = 1+c1 +c*, 
E2 = w: + w; + C,(k,2 + w;) + C2(k,2 + w:), 
E3 = wfw; + k;(Clw; -t C224). 
Now, the boundedness condition of d(t, y) at the origin implies that 
(3.7) 
(3.8) 
El = 0, E2 = 0. 
These give Ci and C2, and we finally obtain from (3.8) 
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ES = 
II-( 1 + 3Mk,2) 
WkO 
Thus 
~(z,Y) = e (-+z-koy) + $1 + 3Mki) / 
O” { k( 1 - Mk?) cos(ky) - ICsin(ky)} e(-k’)dk 
0 k*(l - Mk*)* i- K* 
and hence 
@(I, y, t) = e(-‘Oy) cos(k,,z + ut) + *(I + 3Mk;). 
*J cQ {k(l - Mk’) cos(ky) - lisin(ky)} eC_kz)dk k*(l - Mk*)* + K* , 0 
This was derived earlier by Packham [I]. 
4. D~scussrox 
(3.9) 
A relatively simple approach to find the solution to the two-dimensional problem of water 
waves travelling towards a rigid vertical cliff is demonstrated here. No reflection of waves 
against the cliff is assumed, which requires logarithmic singularities in the potential functions 
at the origin when the effect of surface tension at the free surface is ignored. Due to 
the presence of these singularities non-linear effects becomes important near the shore- 
line. However, as our attention is confined to the linearised theory only, this effect is not 
considered here. The effect of surface tension at the free surface is also taken into account 
and the corresponding problem is attacked for solution by the same technique. 
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